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1. Introduction. The isolation in 3.10 of a certain basic principle makes
possible a covering theory which not only embraces every known(!) theorem
of the Vitali type but enables us to supplant the usual(?) abstract differential
theory with one more in accord with Lebesgue’s. In fact, by substituting a
new and frequently useful concept of regularity for the classical notion(?), we
arrive at a general theory of differentiation which both includes and supple-
ments similar results of Lebesgue.

We follow Banach’s lead(*) in paying special attention to nonadditive
functions. By so doing a rather striking difference appears between the differ-
ential theory of interval functions on the one hand and that of set functions
on the other.

As could be gathered from §2, we shall be concerned with a metric(5)
space S, a fixed measure ¢, and certain other measures. We presuppose such
a knowledge of measure as might be derived from §3 of the subjoined paper(%)
by Randolph and myself. Although this §3 of RM concerns itself with cer-

Presented to the Society, October 30, 1943; received by the editors March 2, 1943, and, in
revised form, September 4, 1943.

(1) See J. F. Randolph, The Vitali covering theorem for Carathéodory linear measure, Ann.
of Math. vol. 40 (1939) pp. 299-308; S. Saks, Theory of the integral, Warsaw, 1937, pp. 106-112;
and related papers referred to by Randolph and Saks.

(®) Saks, loc. cit. pp. 152-156.

(3) Saks, loc. cit. p. 106.

(4) S. Banach, Sur une classe de fonctions d’ensemble, Fund. Math. vol. 6 (1924) pp. 170-188.

(%) Except for applications the metric plays a minor role; it is easy to interpret the paper
topologically.

(®) Hereinafter referred to as RM.
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tain plane measures the reader should easily see that the results therein ob-
tained hold equally well (with the obvious interpretations) when the plane is
replaced by an abstract metric space. So extended, Theorems 3.7 and 3.13
of RM(?) are used in the present paper (M). On the other hand Theorem 11.4
of M is used in proving Theorem 10.1 of RM. This cross reference is non-
circular since §3 of RM is entirely independent of M.

2. Preliminaries. The phrase “x€ 4” is read “x is a member of 4” or more
simply “x is in A.” The phrase “x A" is read “x is not a member of A” or
more simply “x is not in A.” The phrase “4A CB?” is read “4 is contained in B”
or “4 is a subset of B.” Reversely the phrase “BDA” is read “B contains 4.”

The integer 0 and the vacuous set will be regarded as equal.

We employ {x} as short for

E [z =y]

and use { } only in this sense. Note that x is the sole member of {x}.
If a. is a set for each x in a set B, then

2 a.

zEB
is defined as

E [y € a. for some x in B].
If § is a family (set), then () is defined as

BET

Thus xEa(F) if and only if xEP for some B in §.
If a, =0 for x in a countable set B, then the notation

2 as
zEB
will also be used to denote the appropriate numerical sum. Whether numerical
summation or set theoretic summation is intended in a given instance will
be obvious from the context.
A family @ will be called disjointed if and only if B,B:=0 whenever B,
and B, are different members of ®.
We fix throughout the paper a space § metrized with p. More specifically
we assume henceforth that p is such a function on E,,,) [(xES)(yES)] that

p(x, ) = 0 = p(x,2) < p(x, 9) +p(z,9) < @
whenever %, ¥, and 2 are in §. It follows that p(x, y) =p(y, x) for x and y

(?) These general results are apparently unknown and unpublished elsewhere.
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in§, but it does not follow nor do we assume (though the reader may wish to)
that x =y whenever p(x, ¥) =0. Accordingly a finite subset of § may fail to
be closed.
We also fix throughout the paper a measure ¢ belonging to the class ii
which is defined in 2.3 below.
2.1. DeFINITION. The family ¥ is defined by: ¢y €X if and only if ¢ is
such a function on Eg[SCS] to E,[0<¢< =] that:
I. ¢(0)=0;
II. Yy(B) =¢(4) whenever BCACS ;
III. If §§ is a countable family with o(§)CS, then

v[e@] = 2 ¥S).
SET

2.2. DEFINITION. The family U is defined by: ¢y €U if and only if ¢ is
such a member of T that
IV. ¥ (4+B) =y(4)+¢(B) whenever

inf  p(x, y) > 0.
zE4,yEB

2.3. DEFINITION. We define
i=1u @ [¥(S) < « for each bounded set S].

Due to Carathéodory is the following
2.4. DEFINITION. We say 4 is ¢ measurable if and only if  is such a mem-

ber of ¥ that
Y(T) = Y(T4) + ¢(TS — TA)

for each subset T'of §. B

2.5. REMARK. Clearly UCU.

Information concerning measures in Il can be found in §3 of RM. See also
pp. 424-444 of H. Hahn, Theorie der reellen Funktionen. 1, Berlin, 1921.

Hereafter such words as measurable, measure zero, almost all, and so on,
will refer to the fixed measure ¢ belonging to U just as such words as closed,
open, Borel, and so on, refer to the metric p metrizing S.

2.6. DEFINITION. For ACS we define:

diam4 = sup p(x,9) whenever 4 # 0;
zE4, yEA

diam4 =0 whenever 4 = 0.
2.7. DEFINITION. For A CS we define
4= E [o(%, y) < 2'diam 4 for some y in 4].

2.8. DEFINITION. If A is a non-negative function whose domain is a family
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9, then corresponding to each 8 in  we define A:8 as the set S for which
x €S if and only if there is such a set a in § that

r€a Pa®0, Aa) = 2A(8).
2.9. DEeFINITION. The limit notations

limal £(8), limal f(8),
FI6—-z OBz

in which § is a family of subsets of § and x €S, are defined respectively as

lim inf f(B), lim sup f(B)
t—0+ BEH(1) 1—0+4 BEH(1)

where

Ht) =FE [diam ({=} + B8) < ¢]

for t>0.
We agree that

limal f(8) = limal f(8)
DBz DBz

if and only if

fimal f(8) = limal /(8).
§I8—2 8-z

It may clarify our intent to point out that

limal f(8) = f({=})
§DB—z

w henever the left member denotes a number and {x} cg.

3. Basic theorems.

3.1. DeFINITION. We say N is a nest whenever N is such a family that
if ©1EN and $:EN then either $; C Pz or H2C H1.

Of use to us is the following

3.2. LEMMA. If Qs a family of sets then(®) Q contains such a nest N that no
member of Q— N contains every member of N.

3.3. THEOREM. If § is a family of nonvacuous subsets of S, and A is a non-
negative function which is bounded on §, then § contains such a disjointed family
® that each B in § intersects some B in © in such a way that BCA:B.

(®) This lemma is an immediate consequence of a result due to C. Kuratowski, Une
méthode d’élimination des mombres transfinis des raisonnements mathématiques, Fund. Math.
vol. 3 (1922) p. 89, formulation (42). See also M. Zorn, Bull. Amer. Math. Soc. vol. 41 (1935)
p. 667; and J. W. Tukey, Convergence and uniformity in topology, Princeton, 1940, p. 7.
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Proof. For §C§ let
9+ = § E [6(9) # 0].

Let Q be the family for which §E Q if and only if 9 is such a disjointed sub-
family of §§ that each B in 7 intersects some B in 9 in such a way that
BCA:B. Using 3.2 select such a nest N that no member of @— N contains
every member of N. Let @ =0(N).

Since N is a nest and since

&= 96Cs ©r= 2 9+,
oEN SEN

it is clear that ® is such a disjointed subfamily of § that each B&® inter-
sects some B in ® in such a way that BCA:B.
Thus completion of the proof hinges on the

STATEMENT. @+ =§.

Proof (By contradiction). Suppose @+ §, let R =F— @+, note that R =0,
and invoke the boundedness of A to ascertain Bo& R so that

AB) < 2A(By) for BE R.

Inasmuch as @+ {Bo} is evidently a member of Q which contains every mem-
ber of N we infer

O+ {BJEN, G+ {B}Co(N)=6, BEG,
ByCo(®), 0# Bo=Bw(@®), B By&EO"

3.4. THEOREM. If ACo(F)CS and A is a non-negative function which is
bounded on §, then § contains a disjointed family & for which

AC Y A:B.
BEG®

Proof. Let §'=§— {0} and use 3.3 to obtain such a disjointed subfamily
® of §’ that

ACo® =0@)= 2 BC X A:B.
BET

BE®
3.5. THEOREM. If ACo(F)CS and

sup diam 8 < o,
BET

then § contains a disjointed family ® for which
4C Y B.

BEG®

Proof. Let A be the function on § such that
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A(B) = diam 8 forB € §.
Use 3.4 to obtain such a disjointed subfamily @ of §§ that

AC Y a:BC X B
BEG® BEG®

3.6. REMARK. In the applications of 3.4 and 3.5 it is frequently possible
to infer the countability of @ from its disjointedness.

3.7. DEFINITION. We say § covers A if and only if 4 Co ().

3.8. DEFINITION. We say § covers almost all of A if and only if

¢[d —o@]=0.

3.9. DEeFINITION. We say § covers A in the sense of Vitali if and only if §
is such a family of closed subsets of § that corresponding to each positive
number € and each x €A there is a set BEF for which xEB and diam S <e.

3.10. THEOREM. If § covers A in the sense of Vitali and A is a non-negative
function which is bounded on §, then § contains a disjointed family ® for which

A4-90)C X AB
BED

whenever © C® and & — D is finite.
Proof. Let
¥ =% - {0}
and note that §’ likewise covers 4 in the sense of Vitali. In accordance with
3.3 select such a disjointed subfamily @ of §’ that each BE§’ intersects some

B in ® in such a way that 8CA:B.
We suppose

9 CO, O =0-9, ' is finite,
and complete the proof of the theorem with the verification of the
STATEMENT. If x €A —o(®) then xE Y pcpA:B.

Proof. Inasmuch as $’ is a finite family of closed sets it follows that
a(9’) is closed. From

t€EA—0@) CA—0(P)

we infer x&o(9’) and use the closedness of ¢($’) and the fact that §’ covers
{x} in the sense of Vitali to secure such a set BoE&F’ that xEB, with
Boo(H’) =0. Our selection of @ enables us to ascertain By in @ so that

BoBs # 0, Bo C A:By

and our choice of B8y thus allows us to conclude
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B9, B EDH, xEPL CA:Bg CgbA:B.
B

4. The Vitali covering theorem. The first of our theorems to involve the
measure ¢, which was fixed in §2, is

4.1. THE VITALI COVERING THEOREM. If

(i) 0<A< o,

(ii) A4 7s a bounded subset of S ,

(iii) A s a non-negative function which is bounded on §,
(iv) & so covers A in the sense of Vitali that

$(A:8) < N(B) Jor B € %.»
then § contains a countable disjointed family which covers almost all of A.
Proof. Take a bounded open set .S which contains A, let

§=5ElBCS]
note that §’ covers 4 in the sense of Vitali', use 3.10 to select such a disjointed
family @ of §’ that

(1) A—-o® C X A:B
BEY®

whenever §C® and @ — 9 is finite.
Since (iv) guarantees

¢(B) >0 forp e §,

the countability of @ follows from the boundedness gf A, the disjointed nature
of ®, and the membership of ¢ in the (2.3) family U.
We complete the proof with the verification of the

STATEMENT. ¢ [4 —a(®)] =0.
Proof. Let €>0. After checking

2 ¢(A:B) =\ X 6(B) = M[o(®)] = M(S) <
BEG® BEO®

we select from @ a subfamily $ for which @ — 9 is finite,

> ¢(A:B) < e
BED

In the light of (1) we see
¢[4 —o@®)] = 3 #(A:B) <e
BED

4.2. REMARK. The validity of 4.1 is unchanged by the additional assump-
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tion therein of the countability of § and the replacement, in Definition 2.8,
of the factor “2” by “1”, This modified version of 4.1 is adequate for many
purposes and is easily proved by straightforward considerations of finite fami-
lies.

5. The Vitali property.

5.1. DEerFiniTION. We say § has the Vitali property with respect to 4
whenever § is such a family of measurable sets that corresponding to each
finite disjointed subfamily § of § there is a countable disjointed family @
for which

$COHCE ¢ld-—e@®)]=0.

5.2, THEOREM. If & is a nonvacuous countable family of sets with respect to
each of which § has the Vitali property, then § has the Vitali property with re-
spect to a(R).

Proof. Let § be a finite disjointed subfamily of . Let 4 =c(8f). Let A be
such a repetitive sequence of members of & that

A= Z A,'
i=n
for each positive integer n. Let .S be such a sequence of bounded open sets that
S$1CS:CSC-- -, S=85+S8+S8S+- ..

Next use the theorem’s hypotheses and the fact that¢(S,) < « for each posi-
tive integer z to ascertain such a sequence G of finite disjointed families that

$CGiCGinCS,  ¢[SA;— oGN] S 1/27
for each positive integer j. Finally let
G = ZG,‘.
=1
It is clear that @ is a countable disjointed family for which $CEHCF.
Moreover for each positive integer #» we have:
A =23SA;

j=n

ol4 — o®)] = 3 6[siA; — o(®)]

j=n
= §¢[51Ai - oG] = 1_}:‘; rrin P .

Accordingly ¢ [4 —o(®)] =0 and § has the Vitali property with respect to 4.
The proof is complete.
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6. Blankets. In order to discuss more intricate covering theorems and
facilitate a theory of differentiation we introduce the notion of blanket.

6.1. DeFINITION. We say Fis a blanket if and only if F is such a function
that for x in its domain:

(i) xES and F(x) is a family of nonvacuous subsets of S ;

(ii) BE F(x) implies diam B < « ;

(iii) infsern diam B+ {x})=0.

Evidently the domain of a blanket is a subset of S.

In 6.2 through 6.10 we define certain words used in connection with
blankets. These words are: spread, natural, regular, diametrically regular,
Borelish, close, heavy, subblanket, strong.

6.2. DEFINITION. If F is a blanket with domain A4 then the set

2 F()
€4
is called the spread of F.
6.3. DEFINITION. We say F is a natural blanket whenever F is such a
blanket that

B € F(x) implies x € B.

Definition 2.9 is used in
6.4. DEFINITION. If F is natural blanket and if there is such a non-nega-
tive function A that

¢(A:B)] <w

lima! [A(” '+ 56

F(z)Dp—-z

for almost all x in the domain of F, then F is a regular blanket.
6.5. DEFINITION, We say F is a diametrically regular blanket whenever F
is such a natural blanket that

A

T AN
F2)D6-2 ¢(B)

for almost all x in the domain of F.
Evidently every diametrically regular blanket is regular.
Many of the blankets met with in practice are diametrically regular.
6.6. DEFINITION. We say F is a Borelish blanket whenever F is such a
blanket that

B € F(x) implies B is a Borel set.

6.7. DEFINITION. We say Fis a close blanket whenever Fis such a blanket
that
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B € F(x) implies B is a closed set.

6.8. DEFINITION. If F is a Borelish blanket, with domain 4, and if the
spread of F contains a countable disjointed family which covers almost all
of A, then F will be called a keavy blanket.

6.9. DEFINITION. We say G is a subblanket of F whenever G and F are
such blankets that G(x) C F(x) for x in the domain of G.

Clearly the domain of G is contained in the domain of F and the spread
of G is contained in the spread of F whenever G is a subblanket of F.

6.10. DEFINITION. If F is such a blanket that each of its subblankets is a
heavy blanket then F will be termed a strong blanket.

6.11. LEMMA. Every regular close blanket is a heavy blanket.

Proof. Let F be any regular, close blanket with domain A4, denote the
spread of F by §, and choose such a non-negative function A that

¢(A:B)] <w
#(8)
for almost all x in 4. Select bounded sets $;CS:CS;C - - - so that

S=Si+S:+S+--

limal [A(ﬁ) +
F(z)DB—-z

and define
— #(A:B)
o w57 <o)
Let
) £ =3 {4.)
and note
A3) ¢ld —o(®)] = 0.

The remainder of the proof consists of three parts.

PART 1. If n is a positive integer then § has the Vitali property with re-
spect to A.,.

Proof. Let $ be any finite disjointed subfamily of §. Let B=4,—0(9) and

#(A:B)
0@ "]

From (1) and the closedness of ¢($) we gather that §’ covers B in the sense
of Vitali. Thus with the help of 4.1 we secure such a countable disjointed
subfamily &’ of §’ that

5 =5 £ [5o(®) = 0] £[ a9 +
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¢[B — ¢(@®")] = 0.
Letting @ =®’+4 9 and using the definition of §’ we infer
¢(®)e(9) C o(F)e(9) =0

and deduce that ® is a countable disjointed family for which $CEHCF. We
also have

¢[4n — 0(@®)] = ¢[0(9) — 0(®)] + ¢[B — 0(®)]
<0+ ¢[B—0e@)]=0+0=0.

PART I1. § has the Vitali property with respect to A.

Proof. Use (2), (3), Part I, 5.2,

Part I1I. § is a heavy blanket.

Proof. Use Part II, take $=0 in 5.1, recall Definition 6.8 of a heavy
blanket.

6.12. THEOREM. Every regular close blanket is a strong bla nket.

Proof. Let F be a regular close blanket. Let F’ be any subblanket of F.
Since F’ is manifestly a regular close blanket we conclude from 6.11 that it
is heavy.

Reference to 6.10 completes the proof.

7. An application to Lebesgue measure. In this section we suppose # is a
positive integer, S is m-space, p is the usual metric, ¢ is z-dimensional
Lebesgue measure.

7.1. DEeFINITION. We say O is a hive whenever  is such a family of
bounded closed convex subsets of § that:

(i) BE D implies ¢(8) >0;

(ii) (BEP)(B£9) implies (B, either contains or is contained in some
translate of 8;).

7.2. THEOREM. If F is a natural blanket whose spread is a hive then F is a
regular close blanket.

Proof. Let §§ be the spread of F. Let ¢ be such a positive integer that
2<(141/27)9.
Let A be the function on & such that BE§ implies
AB) = [¢(8) ]

Corresponding to each convex subset 8 of S let us define 8Y as the set of
points of the form 2x —y where x and y are members of 8. Whenever 8 is a
convex subset of § it is evident that BY is convex and is equal to the set of
points of the form x4 (y —2) where x, ¥, and 2z are members of 3.

We divide the remainder of the proof into two parts.
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PART 1. If o and B are such members of § that
‘Ba # 0, Aa) = 24(8)

then
a C B
Proof. If some translate of 8 contains a then we clearly have
a C g7 C a7

We now assume that some translate of a contains 8 and let «y be such a
translate of a.

In order to show ayCB¥ we suppose the contrary; let xo be a point in
ao—pf"; define B’ as the set of points of the form

(%0 + 9)/2
where y is a member of B3; verify that 83’ =0, 3+8'Ca, and that
(1+ 1/27¢(B) = ¢(B) + ¢(8) = ¢(B + B') < ¢(a0) = ¢(a);
arrive at the contradiction
28(8) = 2[¢(®)]* < [(1 + 1/27)¢(8)]* = [¢(2)?] = A(a).

Since we now know 8" we are able to conclude

aCoas CH".

Part I1. If BEF then
#(A:B) = (n + 2)*(B).
Proof. From Part I we deduce
A:p CB™.
If B has central symmetry, it is obvious that
6(8%) = 3¢(B),  #(B7) = 3"¢(B).
However even if 8 doesn’t have central symmetry it is possible(®) to show
$(B%) = (n+ 2)"¢(B),  ¢(B™) = (n + 2)*¢(B).

Parrt II1. F is a regular close blanket.

Proof. Use Part II.

7.3. REMARK. Theorem 7.2 includes the covering theorem alluded to by
B. Jessen, J. Marcinkiewicz, and A. Zygmund on page 224 of Fund. Math.

(%) Use T. Bonnesen and W. Fenchel, Theorie der konvexen K orper, Ergebnisse der Matl'1e-
matik vol. 3 (1934) p. 53, formula (1).
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vol. 25 (1935). In view of Theorem A of that paper it is of interest that a satis-
factory differential theory holds for a large class of rectangles which are
allowed to be long, thin, and oriented in every direction.

Because of our 6.12 it follows that Theorem 6 of the paper just cited is a
consequence of Theorem 8.12 below.

7.4. REMARK. Although some changes in proof would be required, the
validity of 7.2 would be unimpaired by the introduction into 7.1(ii) of certain
homothetical transformations.

8. Differentiation with respect to a strong blanket. In canvassing the pos-
sible applications of the present section it is well to bear Theorem 6.12 in
mind.

The next three definitions play a central role in our subsequent theory of
differentiation.

8.1. DeFINITION. We say f is quasi-additive on § if f is a non-negative
function whose domain § is such a family of sets that

2 f(B) = fB)
BEG®

whenever o(®) CBE D and © is a finite disjointed subfamily of §.
8.2. DEFINITION. If F is a blanket and o CS then we define FOa as the
set ap for which xE&ay if and only if x belongs to such an open set T that

F@E[SCTICEISCal

8.3. DEFINITION. We say f is addivelous with respect to F whenever F is
such a blanket with domain 4 and spread § that:

(i) f is quasi-additive and finite valued on §;

(ii) if BEF and €>0, then there is a set a for which

f@=/B)+e ¢BA—-FOa)=0.

8.4. REMARK. It should be noted that although 8.3(ii) implicitly requires
the membership of « in the domain of f it does not require €.

In 8.3(1) we have specifically demanded that f be finite valued on §. This
is more a convenience than a necessity. As a matter of fact if we delete “and
finite valued” from 8.3(i) and delete “ < «»” from 8.10 below, the new Theo-
rem 8.10 is valid in terms of the new Definition 8.3.

We make implicit use of the obvious fact that Definition 8.1 is equivalent
to the statement obtained from it by replacing the word “finite” by “count-
able.”

8.5. THEOREM. If

(i) Fis a strong blanket with domain A and spread §,
(ii) f and ¢ are addivelous with respect to F,

(ii)) BEF:
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then
0 < limal @ < ©
F(z2)Dp-z ¢(B)
for almost all x in BA.
Proof. For xEA we let
D*(x) = limal L(Q» Dy(x) = limal @ .
F@)Dp—z ¢(B) F@) Dz ¢(f)

Whenever g is addivelous with respect to F we associate with g that func-
tion g for which the domain of g is the set of all subsets of S ; g(S) is the in-
fimum of numbers of the form .

2 B

8ED

where 9 is such a countable subfamily of § that § covers almost all of S.

Bearing in mind that empty sums are 0 and that inf 0= », we readily
check that g belongs to the (2.1) family T whenever g is addivelous with re-
spect to F. ‘ _

The remainder of the argument is divided into nine parts the first of
which is obvious and the second of which, in a disguised form, concerns itself
with the illegality of division by zero.

ParT L. If YCS then ¢(v) <é(7).

PART I1. 0Dy (x) SD*(x) < = for almost all x in-A.

Proof. Let

y=4—E[0SDy2) SD*#H) = »]

and let F’ be the function on v such that
F'(2) = F(=) E [¢(8) = 0] " for x €.

Clearly F'is a subblanket of F with domain y. Hence by Deﬁﬁition 6.10 of
a strong blanket we know F’ is a heavy blanket, and that the spread of F’
contains a countable disjointed family which covers almost all of y. Accord-
ingly

¢(v) = 0.

PartT III. If 0<A< w0, yCA, g and k are addivelous with respect to F, and
if F' is such a subblanket of F that
g(S)

limal] —— <\ or x €
F@38-z h(S) f v
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then -
g(v) = Na(v).
We establish Part III by verifying Statements 1 and 2 below.
STATEMENT 1. If BE§, then
g(By) = Nk(B).
Proof. Let ¢>0 and let « be a set for which (see 8.3)
(@) S h(B) +¢ ¢(BA—FOa)=0.
Let ap=FQa and let F’’ be the function on ya, such that
F'(x) = F'(x) ‘lgi [S C a, g(S) < M(S)] for x € yay.
Definition 8.2 and the hypotheses of Part III assure us F’’ is a subblanket
of F’. Consequently F'’ is heavy.

Let therefore ® be such a.countable disjointed subfamily of the spread
of F' that @ covers almost all of ya,. Since

{6y — 0(®)] = ¢[By — vao] + ¢y — 0(®)]
=¢(By — 7o) + 0= ¢(BA — ar) =¢(BA —F O a) =0

we infer ® covers almost all of By. From the definition of g and the quasi-
additive nature of & follows

OEPHO) s_x 2 h(S) = Nh(a) < M(B) + e,
s€E® - SE® -

STATEMENT 2. g(y) SNh(y).

Proof. The conclusion being obvious in the event A(y) =« we assume

hy)<ow.
Let €>0 and select from § a countable subfamily § which covers almost
all of ¥ in such a way that :

> h(B) S h(y) + e
8ED

In the light of Statement 1 and the membership of g in the (2.1) family T,
we see : v

2() = o)) = g( > ﬁv) < X 267
sED BED .
SN R(B) S Ni(y) + e
BED

PArT IV. If 0<{< 0, yCA4,
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Dy(x) < & Jor x € v,
then
Fv) = t(v).
Proof. Let F’ be such a subblanket of F that
f(8)
mlgléa;l—.“#—(m<£ for x € v.
Let g=f, k=¢, A=E¢.
Apply Part III.
PART V. If0<9< w,yCA,
1 < D*(2) forz €1,

then
16(7) £ f().
Proof. Let F’ be such a subblanket of F that
$(8)

limal < for x € v.

F(2) D8z f(ﬂ)

Let g=¢, h=f,A=1/9.
Apply Part III to obtain

o(v) = (I/0)f(n,  ne(v) = F().
PART VI. If m and n are positive integers and
y=ABE [Dy(x) < m/n < (m + 1)/n < D*(x)|

then ¢(y) =0.
Proof. Using Part V, Part IV, and the meaning of ¢(y) we discover

((m + 1)/m)é(x) = f(v) £ (m/m)é(v) S (m/n)$(B) < .
Accordingly ¢(v) =0; and Part I insures

¢(v) = 0.

PART VII. 0 =D« (x) =D*(x) < = for almost all x in BA.
Proof. Check that

m+ 1

AB E [Dy(x) < DX(%)] = Z Z ABE [D,.(x) <—< < D*(x)]

n=1 m=1

and apply Parts VI and II.
ParT VIII. D*(x) < » for almost all x in BA.
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Proof. Let
v = ABE [D*a) = «].

Part V tells us
no(y) S nd(v) S fiv) S f(B) < = for 0 < 7 < o.

Hence ¢(y) =0.
Part IX,

< limal — < »
F(z) Dz d(B)

Jor almost all x in BA.
Proof. Use Parts VII and VIII.

8.6. THEOREM. If
(i) Fis a strong blanket with domain A and spread §§,
(ii) f and ¢ are addivelous with respect to F, then

0= limal — < =
F@) 8-z ¢(B)
for almost all x in A.
Proof. We select from §§ a countable disjointed subfamily ® for which
0=¢[4 -e@®)] = ¢(A - BA).
BEG

Application of 8.5 completes the proof. _
8.7. DEFINITION. For BCS we denote the interior of 8 by 8°.
Thus 8—p° is contained in the boundary of 8 whenever 8CS.

8.8. LEMMA. If BCS, aCS, and F is a blanket with domain A, then
$(BA —F O o) = ¢(8 — ).
Proof. By taking T"=a® we easily infer from 8.2 that
xE Aa® implies xEF O q,
Aa®CF QO a.
Accordingly
BA—FOaCBA —Ada®=84 —a®CB — a'.

8.9. THEOREM. If F is a Borelish blanket and fE\l then f is addivelous with
respect to F.
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Proof. Let § be the spread of F. Evidently 8.3(i) is satisfied.

Suppose SEF and €>0. Since the bounded (6.1(ii)) set 8 is contained in a
bounded open set it is easy to infer from Theorem 3.7 of RM that a bounded
open set a can be found for which

BCa=a fl)sfB)+e ¢B—a)=0.

Consequently 8.8 forces the satisfaction of 8.3(ii).

The proof is complete.

Our subsequent results on differentiation are more or less direct conse-
quences of

8.10. THEOREM. If F is a strong blanket with domain A and f is addivelous
with respect to F then(?°),
f8)

0= limal — < w
F2) Dz d(B)

for almost all x in A.

Proof. Apply 8.9 to ¢ and use 8.6.
From 8.10 and 8.9 follows

8.11. TueoreM. If fEW and F is a strong blanket with domain A then

0< limal @<@

F(2) D8z $(B)
for almost all x in A.

Our next theorem corresponds to and includes Lebesgue’s theorem con-
cerning the differentiability of a completely additive set function.

8.12. THEOREM. If F is o strong blanket with domain A, B is the family of
all Borel subsets of S, f is completely additive and finite valued on B, then
S(8)

— 0w < limal — < »
F@D-z ¢(B)

for almost all x in A.
Proof. We ascertain('?) such functions g and g, with domain B that g,
(1) If A=S then Parts IV and V of the proof of 8.5 make it possible for us to see that

L fe)
f[m,‘igiix @) ”]

is both ¢ and ¢ measurable whenever — « <\ < «. This knowledge (which cannot be gained
by the usual device) is indispensable to a study of the connection between our differentiation
and the analogous integration.

(1) S. Saks, Theory of the integral, p. 11.



1944] A THEORY OF COVERING AND DIFFERENTIATION 223

and g are finite valued, non-negative, and completely additive on B; -

fB) = g1(B) — g2(B) fors € 8.
Now let f1 and f; be the functions on the set of all subsets of S for which

fin) = inf @B, fuly) = inf  g:(8)
BESY, DY sE v

» ’

whenever yCS. Clearly f; and f; belong to ii and
fB) = f1(B) — f2(B) forg € 9.

Reference to 8.11 completes the proof.

9. Elementary blankets. In this section we establish certain results which
contribute to the differential theory of interval functions.

9.1. DEFINITION. We say F is an elementary blanket whenever F is such
a blanket with domain 4 and spread § that BEF implies ¢(84 — FOB)=0.

Many blankets met with in practice are elementary blankets. This is
pointed out in

9.2. THEOREM. If F is such a blanket that $(B8—B°) =0 for B in the spread
of F, then F is an elementary blanket.

Proof. Use 8.8.

9.3. THEOREM. If v

(1) Fis an elementary blanket with spread §,

(ii) f is quasi-additive and finite valued on ,
then f is addivelous with respect to F..

Proof. Let-A be the domain of F. For B&{ and €>0 we have

fB) = fB)+e ¢BA—-FOB) =0

Recall 8.3.
An immediate consequence of 9.3 and 8.10 is

9.4. THEOREM. If
(i) F s an elementary strong blanket with domain A and spread §,
(i) f s quasi-additive and finite valued on ,

then

0=

lima] — < =
F(z)Dp—z ¢(ﬁ)

Jor almost all x in A.
9.5. DEeFINITION. If § is a family of nonvacuous sets and if @ is:such a

subfamily of $ that no member of $ is contained in the product of two
different members of @ then we say ® is 9-disjointed.
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9.6. REMARK. If § is a family of which 0 is a member then there are no
P-disjointed families. On the other hand if 0 is not a member of $ then each
disjointed subfamily of § is §-disjointed. Moreover if § is such a family of
nonvacuous sets that $;3,€9 whenever

B E Y, B: €9, BB #~ 0

then
(® is H-disjointed)

is equivalent to
(@ is a disjointed subfamily of §).
Finally, if  is the family of all nondegenerate closed rectangles then
(® is P-disjointed)
is equivalent to
(® C 9) (no two different members of @ overlap).
9.7. DEFINITION. If f is a numerical valued function whose domain is a

family $ of nonvacuous sets then V; is the function on 9 such that SE€ 9
implies V;(B) is the supremum of numbers of the form

2 /B
BEG

where ® is a finite -disjointed family for which ¢(®) Cg.
It is rather easy to verify

9.8. THEOREM. If f is a numerical valued function whose domain O is a
family of nonvacuous sets then not only is V; quasi-additive on  but

D V4(B) = V4(B)
BEG®

whenever BED and © is a finite D-disjointed family for which a(®) Cp.
The next theorem may be of interest to some(!?); it follows from 9.8
and 9.4.

9.9. THEOREM. If
(i) Fis an elementary strong blanket with domain A and spread §,

(i) Vi(B)< = for BET,
then

< o

_ ‘ vV

0 < limal I 1@ I < limal ——i—(ﬁ—)
F@Dp-z ¢(B) F)D—0 ¢(8)

for almost all x in A.

(1) S. Banach, Sur une classe de fonctions d'ensemble, Fund. Math. vol. 6 (1924) p. 176,
Theorem S.
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9.10 DEFINITION. We say O is a completion of § whenever § is such a
subfamily of § that: If ¢(®)CBE P and @ is a finite disjointed subfamily of
&, then O is contained in a finite $-disjointed family @’ for which ¢(®’) =8.

Thus if © is the family of nondegenerate rectangles then § is a comple-
tion of itself or any subfamily thereof. Note that the vacuous set is never a
member of a completion of a family.

9.11. DEFINITION. If f is a numerical valued function whose domain
is such a family that

/B = X f(B), ViB) <
BEY®

whenever BEH and @' is a finite P-disjointed family for which g =0(®’),
then we say f is additively limited.

9.12. REMARK. If we should alter Definition 9.11 by replacing “<” by
“27” then any function which is additively limited in the new sense is the
negative of one which is additively limited in the old.

9.13. THEOREM. If
(i) F is an elementary sirong blanket with domain A and spread §,
(ii) f is an additively limited function whose domain  is a completion of §,
then
}()]

— oo < limal — < »
F(z)28-z ¢(B)

Jor almost all x in A.

We divide the proof into two parts.

PARrT 1. Vy—f is quasi-additive on §.

Proof. Let o(®) CAE D and suppose O is a finite subfamily of §. Bearing
(ii) in mind, appropriately choosing @’ in accordance with 9.10, and noting
the non-negativity of V,—f, we use 9.8 and 9.11 to obtain

2 [vi(B) — f(B)] = BZ [Vi(B) — f(B)] = Vi(B) — f(B).

BEG® €y
ParrT II.
— o < limal —@ <
F)38-z ¢(B)

Jor almost all x in A.

Proof. Since Part I, 9.8, and (ii) assure us V;—f and V, are quasi-additive
and finite valued on §, we infer the desired conclusion from 9.4 and the
relation
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f=Vi= ;=)

9.14. REMARK. From Theorem 9.13 we not only deduce Lebesgue’s theo-
rem concerning the differentiability of an additive interval function, but,
helped by 9.6 we also deduce a theorem of Banach('®) of which he made
later use(™).

10. Nets.

'10.1. DEFINITION. We say O is a net whenever § is such a countable
family of bounded nonvacuous Borel sets that:

$Z[«Cal

is a finite family for each a € 9;
(B1 € D)(B: € 9)(B1B2 7 0)
implies
(B1C Bs) or (B2 CB).

10.2. DEFINITION. We say O enmeshes A whenever  is such a net that
corresponding to each positive number e and each x €A there is a set B& D
for which x&p and diam #<e. _

10.3. REMARK. If § is a family of closed sets and § enmeshes A then
covers 4 in the sense of Vitali.

10.4. TEMPORARY ASSUMPTION. Throughout the remainder of this section
we assume § s a net enmeshing A and assume F is the function on A such that
xEA implies

F(x) =F E [+ €8]

10.5. TﬁEOREM. F is a strong blanket with domain A and spread .

Proof. Clearly F is a blanket with domain 4 and spread §.

In the next paragraph we show F is a strong blanket.

Let F’ be any subblanket of F and denote the domain of F’ by 4’ and the
spread of F’ by §’. Evidently §’ covers 4. Let

@)'={§’§[ﬁcaeg' implies 8 = .

Using 10.1 we readily check that ' covers 4 and that &’ is a countable dis-
jointed subfamily of §’. Consequently F’ is a heavy blanket.

10.6. REMARK. The theorems concerning differentiation with respect to
a strong blanket are at our disposal.

(1*) S. Banach, loc. cit. p. 177, Theorem 7.
(") S. Banach, Sur les lignes rectifiable et les surfaces dont V'aire est finie, Fund. Math. vol. 7
(1925) p. 233.
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10.7. LEMMA. If BET then
BA CF OB
Proof. Let x&Ep4,
$ = § E |B is a proper subset of al,
n = inf diam a.
€9

That 7 >0 follows from the finiteness of § and the fact that every Borel set
of diameter zero is closed (though it may have more than one point in it).
Let T be an open set for which

x&€ T,diam T < 1.
Definition 10.1 now assures us of the relation

Fx) E[SCT]CE[SCBI,

from which, according to 8.2, follows
tEFOB.
10.8. THEOREM. F is an elementary strong blanket.
Proof. Lemma 10.7 enables us to conclude
$(84 —FOB) =0 for BESF.
Reference to 9.1 and 10.5 completes the proof.
10.9. THEOREM. If f is quasi-additive and finite valued on § then

0 < limal @ <
F@)Dp—z ¢(B)
for almost all x in A.
Proof. Use 10.8 and 9.4.

10.10. THEOREM. If § is a completion (9.10) of itself and f is an additively
(9.11) limited function whose domain is , then

— o < limal @ <
Fz)Dp—z ¢(B)
for almost all x in A.
Proof. Use 10.8 and 9.13.
10.11. REMARK. Since § is a net it follows-that a family is §-disjointed
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if and only if it is a disjointed subfamily of §.

It is obvious and well known that a given set is enmeshed by a net if and
only if the given set is separable. Furthermore it is always possible to enmesh
a compact set with a net which is a completion of itself. Thus corresponding
to each separable set there is an elementary strong blanket whose domain is
the separable set. Moreover, corresponding to each compact set there is an
elementary strong blanket whose domain is the compact set and whose
spread is a completion of itself.

10.12. THEOREM. F is a regular Borelish blanket.

Proof. Let A be the function on  such that BE§ implies A(8) =3~ where
7 is the number of members of § which contain 8. Evidently A:3=8 when-
ever BEF. Consequently F is regular.

10.13. REMARK. In the light of 3.7 of RM it is now fairly easy to see that
corresponding to each separable set there is a regular close blanket whose
domain is the separable set.

11. Regular blankets.

11.1. NortaTioN. Whenever ¢(§) CS and 1=\ we define Z(§, N) as the
family @& for which BE® if and only if there is such a set « that

BCa€EF, o) = NP
11.2. THEOREM. If fE and Fisa regular Borelish blanket with domain A
then
0= limal — < »
F) 2~z ¢(B)
for almost all x in A.
Proof. Let A be such a non-negative function that
¢(A:B)> <w
¢(8)

limal (A(B) +

F(z)Dp—z
for almost all x in A. Abbreviate

— $(A:8)
g o (a0 + £207) <]

by A4.. Note that

has measure zero and that completion of the proof is tantamount to the veri-
fication of the
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STATEMENT. If n is a positive integer then
B
0= limal — < =
F(2)D6-z $(B)
for almost all x in A,

Proof. Let F’ and F* be the functions on 4, such that x&€4, implies

Al
(1) () = F(s) E [Aos) + "’i( ﬂf ) < n]

F*(x) = E(F'(x), 2) E [x € B, B 1is closed].

The function F’ is evidently a subblanket of F. In view of 3.7 of RM it
is clear that F* is a close blanket. It is likewise clear that corresponding to
each €>0 and each a in F’(x) there is a 8 in F*(x) for which

(2 BCa, flo)—f(B) <e  ola) —¢(B) <e

Designating the spread of F’ and the spread of F* respectively by §’
and §*, let us associate with each 8 in §* a set §in §’ in such a way that

(3 BCB,  ¢(B) = 2¢(8).
In addition let us define A* as the function on §* such that SEF* implies
A*(B) = A(B).
For fEF* we first check that
A*:8 C A B
and then infer from (3) that

(A*:B) 2¢(A:P)
e =0T 5

Since we now know F* is a regular close blanket we use 6. 12, 8.11, (2), and
(1) in concluding

A*(B) + < 2n.

0 < limal @— limal f—(@-— lim lf(3)<

T @38z ¢(B) P@D—z ¢(B)  F)Dp—z ¢(B)

for almost all x in 4,.

11.3. REMARK. Theorem 8.12 remains valid when “strong” is replaced by
“regular Borelish.”

An immediate consequence of 11.2 is
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11.4. TueoreM. If fEl and Fisa diametricdlly regular Borelish blanket
with domain A then

0= lmal — < «
F()Ds-z ¢(8)

for almost all x in A.

11.5. DEFINITION. The family B is defined by: n//eii if and only if ¢ is
such a member of U that corresponding to each SCS there is a Borel set C
for which

SCC,  ¥S) = ¢¥(Q).

11.6. THEOREM. If f and ¢ belong to 8 and F is a diametrically regular
blanket with domain A then
1)

0= lmal — < «
P(z)D-z ¢(B)

for almost all x in A.

Proof. Let F* be the function on A4 such that xEA4 implies F*(x) is the
family defined by S&E F*(x) if and only if

B is a Borel set, a C B C closure «

for some a in F(x).
By defining A as the function on Es[SCS ] such that

A(S) = (diam S)? whenever S CS,
we see that F* is a regular Borelish blanket and employ 11.2 in checking

0 < limal @ = limal. f—(ﬁ)-< ©
P23z $(B) F(z)Dp-z $(B)
for almost all x in 4.

11.7. REMARK. If we delete the word “diametrically” from 11.6 the result-
ing statement is false.

11.8. REMARK. In view of Theorem 10.12 it is natural to ask: Is there
always a diametrically regular blanket with domain 4 whenever 4 is a separa-
ble set? The answer is no, as may be seen by taking 4 =§ =E,[— © <t< ®],
¢ =linear Lebesque measure, and defining p in some manner sufficiently
different from the usual.

However certain positive results are obtainable.

We denote the closed sphere

€ [P(xr y) = f]
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by €. We suppose F is the function on 4 CS such that x€A4 implies
F(x) = 3 {C3}.

0<r<oo -
Thus for each x in 4, F(x) is the family of all closed spheres with center x
and positive finite radius. It is easy to verify: if
) (A
lim lim =
n—o r—Q re

-

for almost all x in A4, then there is a diametrically regular subblanket of F
with domain 4. More specifically if A =S =m-space and p is the usual metric
then, no matter what ¢ € i we have chosen, it is true that there is a diametri-
cally regular subblanket of F with domain 4 ; of course.if ¢ is an m-dimen-
sional Lebesgue measure then F itself is a diametrically regular blanket.

12. Comparative regularity. We use notation 11.1in

12.1. DerFINITION. If Fis a blanket with domain 4 and if there is such a
strong blanket Fp and such a positive finite valued function A that

F(x) C E(Fo(x), A(%))

for almost all x in A4, then we say F is comparatively regular.
From 6.12 we obtain '
12.2. THEOREM. Every regular close blanket is comparatively regular.

12.3. LEMMA. If F is a comparatively regular close blanket then F is a heavy
blanket. ' ' ‘

Proof. Let A and § respectively be the domain and spread of F. Let Fy
be the strong blanket whose existence is assured by 12.1. Let ® be such a
countable family of bounded sets that:

¢(4 — o(R)) = 0;
corresponding to each SE R there is an integer # for which

F(x) C E(Fo(x), )
whenever x € S.
The lemma now follows from Theorem 5.2 and the

STATEMENT. If SE R then § has the Vitali property with respect to S.

Proof. Let § be a finite disjointed subfamily of §. Let # be a positive
integer such that

F(x) C E(Fo(x), n)
whenever x €S. Let T be a bounded open set containing S+¢($). Select such
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a sequence G of finite disjointed families that:
$CG CGnCE,  oG)CT
for each positive integer v;
¢[eGr)] + 1/v 2 ¢[0(®)]
whenever » is a positive integer and € is a finite disjointed family for which
G,CECg o CT.
Defining

® = ZGn
-yl

we see that @ is a countable disjointed family for which §C®CF. Moreover
from the definition of G, the positivity of 1/n, and the strength of F,, we con-
clude the falsity of

¢[S — e(®)] > 0.

The proof is complete.
We notice that any subblanket of a comparatively regular blanket is also
comparatively regular. Consequently 12.3 yields

12.4. THEOREM. If F is a comparatively regular close blanket then F is a
strong blanket.

12.5. THEOREM. If fE Uand Fisa comparatively regular Borelish blanket
with domatn A then

0= limal — < »
F(z) D8z $(B)

for almost all x in A.
Proof. Let F* be the function on 4 such that x€4 implies
F*(x) = E(F(=), 2) § [8 is closed ].

In the light of Theorem 3.7 of RM we see F* is a comparatively regular close
blanket. Using 12.4, 8.11, and re-using 3.7 of RM we discover

0 =< limal f—(@—= limal L(g)-<0°

im.
@3-z ¢(B)  F@)De-z $(B)
for almost all x in 4.
12.6. REMARK. Theorem 8.12 remains valid when “strong” is replaced by
“comparatively regular Borelish.”



1944] A THEORY OF COVERING AND DIFFERENTIATION 233

12.7. THEOREM. If f and ¢ belong (11.5) to B and F is a comparatively
regular blanket with domain A then

0= limal — < =
F) D~z $(B)
for almost all x in A.

Proof. With the help of 11.5 and 12.1 secure such a comparatively regular
Borelish blanket F* that a & F(x) implies the existence of a 8 in F*(x) for
which

aCBCclosurea, ¢(B) = ¢(a), f(B) = f(a).

From 12.5 it now follows that

0 £ limal f(ﬂ) limal f(ﬁ) < o
P*(2)Dp—z ¢(ﬁ) P28z $(B)

for almost all x in 4.

13. Further uses for covering theorems. In this section we illustrate the
applicability of §§3 through 6 to certain problems akin to some which arise
in connection with Carathéodory linear measure and Hausdorff dimensions(*5).

Let £ be such a positive nondecreasing function on E,[0 <t<1] that

s 59 £(59)

1
) ot E(t)
We note that condition (1) is satisfied if 0 <a < = and
E@) =t for 05t < .

For 0 <r we define £, as the function on Eg[SCS ] such that SCS implies
£.(S) is the infimum of numbers of the form

Y. (diam B)
8EYD

where 9 is such a countable family of nonvacuous sets that

SCa® Cs

and

0 < diam B < r whenever B8 € 9.
Let ¢ be the function on Eg[SCS ] such that SCS implies
¥(©8) = lim £(S5).
r—0+

(*¥) F. Hausdorff, Dimension und dusseres Mass, Math. Ann. vol. 79 (1919) pp. 157-179.
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It is easy to check that Y €ll. Further scrutiny reveals that every subset
of S is contained in an F,; with the same measure.

Next we fix a set 4 for which Y(4) <« and let ¥ be the function on
Es[SCS ] such that

V(S) = ¢(4S) for SCS.
Not only does ¥ belong to i but (11.5) to B as well. In fact from 3.7 of
RM we deduce

STATEMENT 1. Corresponding to each € >0 and each BCS there is an open set
o for which

BCea  ¥() =¥ +e
Next we let F be the function on 4 such that x&A4 implies
F(x) = E [8 is closed, x € 8, 0 < diam 8 < = ]
and observe that F is a blanket with domain 4. By making use of 3.5, (1),
and the definitions of Y and ¥ we readily check

—  Y(B)
imal] ——————
F(z)28-z £(diam B)

()

for ¢ almost all x in 4. _
We now identify our function ¢ with the function ¥ under discussion.
From (2) and (1) we obtain

STATEMENT I1. If F’ is a subblanket of F, the domain of F' is Ao, and if

N4
limal i >0
F(z)Dp—z E(dia.m B)
for Y almost all x in Ay, then F' is a diametrically regular close blanket.

In view of 6.12 we see that Statément IT' includes a theorem(!®) of Ran-
dolph. A
From Statement I and the definitions involved we infer by direct methods
that
o ¥(B)
F(z)D8-z £(diam B) =

for ¥ almost all x in 4. On the other hand use of Statement I, Statement 11,
and 6.12 yields
— ¥(B)

imal ————— =
F(z)Dp—z £(diam B)
(1) J. F. Randolph, loc. cit. footnote 1, p. 299, Theorem 1.
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for ¢ almost all x in 4.
We thus have
StaTEMENT III.
limal] ———— =
F(z)Dp-z E(diam B)
fory almostall x in A.

Moreover with the aid of our 3.5, (1), Theorem 3.13 of RM, and the tech-
nique used in proving Theorem 5.12 of RM we discover

STATEMENT IV. If A is  measurable, CCS —A, and F* is such a blanket
with domain C that

F*(x)Cg[ﬂisclosed,xéﬁ,0<diamﬁ< ]

whenever x ©C, then
— A
* limal ———‘I/.( 2 =
P (z)3p-z £(diam B)
Sor ¥ almost all x in C.

Let us now be more specific. Suppose § =E,;[— © <t< o] and p is the
usual metric. Suppose 0 <a =1,

£f) =t for 0<t< .
Let f be the function on E;[— w—¢< ® ] such that
f(x)=¢(AI"3[— w <t<x]) for — oo <2< o,

From Statement III we conclude
STATEMENT V.

= e+ n — @ _
m =

1
=0 Ih_l"

for y almost all x in A.
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